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1 Introduction
In this paper, we consider the following D generalized Hall-MHD system:
∂tu + u · ∇u +∇
(
π +  |b|

)
+ (–)αu = b · ∇b, (.)
∂tb + u · ∇b – b · ∇u + (–)βb + rot(rotb× b) = , (.)
divu = divb = , (.)
(u,b)(·, ) = (u,b) in R. (.)
Here u, π , and b denote the velocity, pressure, andmagnetic ﬁeld of the ﬂuid, respectively.
 < α,β are two constants. The fractional Laplace operator (–)α is deﬁned through the
Fourier transform, namely, ̂(–)αf (ξ ) = |ξ |α fˆ (ξ ).
The applications of the Hall-MHD system cover a very wide range of physical objects,
for example, magnetic reconnection in space plasmas, star formation, neutron stars, and
the geo-dynamo.
When the Hall eﬀect term rot(rotb × b) is neglected, the system (.)-(.) reduces to
the well-known generalized MHD system, which has received attention in many studies
[–].
When α = β = , the system (.)-(.) reduces to the well-known Hall-MHD system,
which has received many studies [–]. Reference [] gave a derivation of the isentropic
Hall-MHD system from a two-ﬂuid Euler-Maxwell system. Chae-Degond-Liu [] proved
the local existence of smooth solutions. Chae and Schonbek [] showed the time-decay
and some regularity criteria were proved in [–]. Some other relevant results about
Hall-MHD equations can be found in [–].
The local well-posedness is established in Wan and Zhou [] when  < α ≤  and  <
β ≤ .
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When  ≤ α <  and ≤ β <  , Jiang andZhu [] prove the following regularity criteria:
∇b ∈ Lt(,T ;Ls) with βt +

s ≤ β – ,

β –  < s≤ ∞,
and one of the following two conditions:
u ∈ Lp(,T ;Lq) with αp +

q ≤ α – ,

α –  < q ≤
α
α –  ,
or
αu ∈ Lp(,T ;Lq) with αp +

q ≤ α – ,

α –  < q ≤
α
α –  .
When ≤ α <  and ≤ β <  , Ye [] showed the following regularity criterion:
u ∈ Lp(,T ;Lq) and ∇b ∈ L	(,T ;Lk),





















< q ≤ ∞, β –  < k ≤ ∞.
The aim of this paper is to reﬁne the results in [, ] as follows.
Theorem . Let  ≤ α <  and  ≤ β <  and u,b ∈ H with divu = divb =  in R.
If ∇u and ∇b satisfy
∇u ∈ L αα–γ (,T ; B˙–γ∞,∞),
∇b ∈ L ββ––γ (,T ; B˙–γ∞,∞) with  < γ < α and  < γ < β – ,
(.)
with  < T <∞, then the solution (u,b) can be extended beyond T .
In the following proof, we will use the following bilinear products and commutator es-
timates due to Kato-Ponce []:
∥∥s(fg)∥∥Lp ≤ C(
∥∥sf ∥∥Lp ‖g‖Lq + ‖f ‖Lp
∥∥sg∥∥Lq ), (.)∥∥s(fg) – fsg∥∥Lp ≤ C(‖∇f ‖Lp
∥∥s–g∥∥Lq +
∥∥sf ∥∥Lp ‖g‖Lq ), (.)









We will also use the improved Gagliardo-Nirenberg inequalities [–]:
‖∇u‖L ≤ C‖∇u‖B˙–γ∞,∞‖∇u‖H˙ γ , (.)
‖∇b‖L ≤ C‖∇b‖B˙–γ∞,∞‖∇b‖H˙ γ , (.)
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‖∇b‖Lp ≤ C‖∇b‖–θB˙–γ∞,∞‖∇b‖
θ
H˙s , (.)∥∥–βb∥∥Lq ≤ C‖∇b‖θB˙–γ∞,∞‖∇b‖θH˙s , (.)
with θ := γs+γ , s :=  + γ – β , p :=

θ
and q := –θ
‖∇b‖Lp ≤ C‖∇b‖–θB˙–γ∞,∞‖b‖
θ
H˙s , (.)∥∥–βb∥∥Lq ≤ C‖∇b‖θB˙–γ∞,∞‖b‖–θH˙s , (.)
with θ := γ+s+γ , p :=

θ
, and q := –θ . We have




with θ := s+s+γ , p :=

θ
, and q := –θ .
2 Proof of Theorem 1.1
This section is devoted to the proof of Theorem ., we only need to prove a priori esti-
mates.







∫ ∣∣αu∣∣ dx =
∫
(b · ∇)b · udx.







∫ ∣∣βb∣∣ dx =
∫
(b · ∇)u · bdx.
Summing up the above two equations, we get the well-known energy inequality


∫ (|u| + |b|)dx +
∫ T

∫ (∣∣αu∣∣ + ∣∣βb∣∣)dxdt ≤ 
∫ (|u| + |b|)dx. (.)










u · ∇u · udx –
∫


















bi∂i∂jb ∂ju dx =: I + I + I. (.)
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u · ∇b · bdx –
∫




















(rotb× ∂ib) ∂i rotbdx








(rotb× ∂ib) ∂i rotbdx
=: I + I + I + I. (.)





∫ (|∇u| + |∇b|)dx +
∫ (∣∣+αu∣∣ + ∣∣+βb∣∣)dx




–β(rotb× ∂ib) · β– ∂i rotbdx
≤ C‖∇u‖L +C‖∇b‖L +C‖∇b‖Lp
∥∥–βb∥∥Lq
∥∥+βb∥∥L





































∥∥(u,b)∥∥L∞(,T ;H) + ‖u‖L(,T ;H+α ) + ‖b‖L(,T ;H+β ) ≤ C. (.)
In the following proofs, we will use the following Sobolev embedding theorem:
‖∇u‖L ≤ C‖u‖H+α , ‖u‖L ≤ C‖u‖H+α ≤ C
∥∥+αu∥∥L +C,
‖∇b‖L ≤ C‖b‖H+β , ‖b‖L ≤ C
∥∥+βb∥∥L +C.
(.)










(u · ∇u) – u · ∇u)udx +
∫ (
(b · ∇b) – b · ∇b)udx
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+
∫
b · ∇b · udx
=: I + I + I. (.)










(u · ∇b) – u · ∇b)bdx +
∫ (
(b · ∇u) – b · ∇u)bdx
+
∫
b · ∇u · bdx –
∫
(rotb× b) ·  rotbdx
=: I + I + I + I. (.)
Note that I + I = .
Using (.), (.), and (.), we bound I + I + I + I as follows:




≤ C‖u‖H+α‖u‖H+α‖u‖L +C‖b‖H+β ‖b‖H+β ‖u‖L
+C








(‖u‖H+α + ‖b‖H+β )(‖u‖L + ‖b‖L).
Using (.), (.), (.), (.), and (.), we bound I as follows:
I = –
∫




(∂i rotb× ∂ib) rotbdx
= –
∫






















Inserting the above estimates into (.) and (.), and summing up the results and using
the Gronwall inequality, we arrive at
∥∥(u,b)∥∥L∞(,T ;H) + ‖u‖L(,T ;H+α ) + ‖b‖L(,T ;H+β ) ≤ C.
This completes the proof.
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3 Conclusions
The applications of Hall-MHD system cover a very wide range of physical objects, such
as magnetic reconnection in space plasmas, star formation, neutron stars, and the geo-
dynamo. In this paper, we obtained a new regularity criterion that improves and extends
some known regularity criteria of the D generalized Hall-MHD system.
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